Abstract. Let G be a graph with eigenvalues λ 1 (G) ≥ · · · ≥ λn (G). In this paper we find all simple graphs G such that G has at most twelve vertices and G has exactly two non-negative eigenvalues.
as a graph whose its spectrum consists entirely of integers. For a graph G, V (G) and E(G) denote the vertex set and the edge set of G, respectively; G denotes the complement of G. The order of G denotes the number of vertices of G. The closed neighborhood of a vertex v of G which is denoted by N [v] , is the set {u ∈ V (G) : uv ∈ E(G)} ∪ {v}. For every vertex v ∈ V (G), the degree of v is the number of edges incident with v. By δ(G) we mean the minimum degree of vertices of G. For two graphs G and H with disjoint vertex sets, G + H denotes the graph with the vertex set V (G) ∪ V (H) and the edge set E(G) ∪ E(H), i.e. the disjoint union of two graphs G and H. In particular, nG denotes the disjoint union of n copies of G. The complete product (join) G ∨ H of graphs G and H is the graph obtained from G + H by joining every vertex of G with every vertex of H. For positive integers n 1 , . . . , n ℓ , K n1,...,n ℓ denotes the complete multipartite graph with ℓ parts of sizes n 1 , . . . , n ℓ .
Let K n , nK 1 = K n , C n and P n be the complete graph, the null graph, the cycle and the path on n vertices, respectively.
It is well known that λ 1 (G) + · · · + λ n (G) = 0 and λ 2 1 (G) + · · · + λ 2 n (G) = 2m, where m is the number of edges of G. Thus if G has at least one edge, then G has at least one positive eigenvalue. One of the attractive problems is the characterization of graphs with a few non-zero eigenvalues. In [1] all bipartite graphs with at most six non-zero eigenvalues have been characterized. The another interesting problem is the characterization of graphs with a few positive eigenvalues. In [5] Smith characterized all graphs with exactly one positive eigenvalue. In fact, a graph has exactly one positive eigenvalue if and only if its non-isolated vertices form a complete multipartite graph. Let G be a graph with eigenvalues λ 1 (G) ≥ · · · ≥ λ n (G). In [4] Petrović has studied the characterization of graphs with exactly two non-negative eigenvalues. Recently in [2] the author find all graphs G with exactly two non-negative eigenvalues. In other words all graphs G such that λ 1 (G) ≥ 0, λ 2 (G) ≥ 0 and λ 3 (G) < 0. It is proved that every graph G with exactly two non-negative eigenvalues and with at least thirteen vertices has specific structure [2] . In this paper using computer we find all graphs G such that G has at most twelve vertices and G has exactly two non-negative eigenvalues. More precisely we show that there are exactly 1575 connected graphs G of order n ≤ 12 such that λ 1 (G) > 0, λ 2 (G) > 0 and λ 3 (G) < 0. We investigate the integral graphs among these graphs. We find that among these 1575 graphs there are exactly two integral graphs.
Graphs with exactly two non-negative eigenvalues
In this section we state the structure of graphs G that have exactly two non-negative eigenvalues.
In other words the graphs G with λ 3 (G) < 0. First we recall some definitions that are important for characterizing these graphs, see [2] .
Definition 1.[2]
For every integer n ≥ 2, let G n be the graph of order n such that G n is obtained from disjoint complete graphs K ⌈ In Figure 1 , the graphs G 2 , G 3 , G 4 , G 5 and G 6 have been shown. In addition in Figure 2 one can see the complement of G 7 , . . . , G 12 . We remark that for every n ≥ 3, G n is connected. We note that . . .
. .
. . .
. . Figure 2 . The complement graphs of G 7 , G 8 , G 9 , G 10 , G 11 and G 12 .
In fact λ 2 (G n ) > 0 and λ 3 (G n ) < 0 if and only if 4 ≤ n ≤ 12, see [2] .
Definition 2.[2]
Let G be a graph with vertex set {v 1 
One of the main results of [2] is the following.
Theorem 1.[2]
Let G be a graph with eigenvalues λ 1 ≥ · · · ≥ λ n . Assume that λ 3 < 0. Then the following hold:
(1) If λ 1 > 0 and λ 2 > 0, then G ∼ = K p + K q for some integers p, q ≥ 2 or there exist some positive integers s and t 1 , . . . , t s so that 3 ≤ s ≤ 12 and t 1 
where e is an edge of K n .
The first part of Theorem 1 shows that to complete the characterization of the graphs with λ 3 < 0 it suffices to find all positive integers of s and t 1 , . . . , t s so that 3 ≤ s ≤ 12 and
We note that for 
where g(λ) = det(λI − M ). In addition, the multiplicity of −1 as an eigenvalue of
3. The list of all connected graphs with λ 2 > 0 and λ 3 < 0
In this section we investigate the converse of the first part of Theorem 1. We use Petrović's notation [4] that is very similar to the notation of Definition 2. We note that in Definition 2, the graph 
where the ordering of the vertices of Figure 3 ). (5, 1, 1; 3, 1, 1) , B 6 (5, 1, 2; 1, 1, 2), B 6 (5, 1, 2; 1, 2, 1), B 6 (5, 1, 2; 2, 1, 1).
(186) B 6 (5, 1, 3; 1, 1, 1) , B 6 (5, 2, 1; 1, 1, 2), B 6 (5, 2, 1; 1, 2, 1), B 6 (5, 2, 1; 2, 1, 1), B 6 (5, 2, 2; 1, 1, 1).
(187) B 6 (5, 3, 1; 1, 1, 1), B 6 (6, 1, 1; 1, 1, 2) , B 6 (6, 1, 1; 1, 2, 1), B 6 (6, 1, 1; 2, 1, 1), B 6 (6, 1, 2; 1, 1, 1).
(188) B 6 (6, 2, 1; 1, 1, 1), B 6 (7, 1, 1; 1, 1, 1). (1, 1, 1, 1; 1, 1, 1, 1 ).
(259) B 8 (1, 1, 1, 2; 1, 1, 1, 1), B 8 (1, 1, 2, 1; 1, 1, 1, 1), B 8 (1, 2, 1, 1; 1, 1, 1, 1), B 8 (2, 1, 1, 1; 1, 1, 1, 1 (1, 1, 1, 1, 1; 1, 1, 1, 1, 1 ).
(330) B 10 (1, 1, 1, 1, 2; 1, 1, 1, 1, 1), B 10 (1, 1, 1, 2, 1; 1, 1, 1, 1, 1), B 10 (1, 1, 2, 1, 1; 1, 1, 1, 1, 1 ).
(331) B 10 (1, 2, 1, 1, 1; 1, 1, 1, 1, 1), B 10 (2, 1, 1, 1, 1; 1, 1, 1, 1, 1 ).
(332) B 10 (1, 1, 1, 1, 3; 1, 1, 1, 1, 1 The number of · · · graphs of order n n = 7 n = 8 n = 9 n = 10 n = 11 n = 12 integral graphs of order n and b n be the number of connected graphs of order n with λ 2 > 0 and λ 3 < 0.
According to the third and the fourth row of the Tables 1 and 2 we conclude that for every 4 ≤ n ≤ 11, a n ≤ b n . Thus we pose the following problem: Problem 1. Is it true that for every n ≥ 3, a n ≤ b n ?
